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INFORMATION CURVES AND EFFICIENDY OF
THREE LOGISTIC TEST MODELS

Ronald K. Hambleton
Untversity of Massachusetts

and

Rose E. Traudb
The Ontarto Institute for Studies in Fducatich

One way of evaluating a latent trait model for tests is in
terms of the precision with which it estimates an examinee's ability:
The more precise the estimate, the more information the xmodel can be
said to provide. Birnbaum (1968) operationalized this conception of
information as the quantity inversely n-oportional to the squared length
of the confidence interval for the estimate of an examinee's abllity.
Defined in this way, the azount of information in a test is a function
of ability. Mathematically, Birndbawa's information function may de
defined as

N R X i E I b
I(o,x) = { ¢ P (8)Q (s I v P’ (6 .
: g1 B 88 o € 8 (1)
In equation (1), 1 1is the amount of the information at ability level
8 provided by scoring formula, Xx , Vhere
t (2)
xe [ w u 2
¢=1 g &
n is the nuadber of items in the test, !g is the scoring weight for
item g , and u_ is » function which takes the value one if item g

4
is ansvered correctly, s 4 tero cthervige, The remaining teiws of



equation (1) are defined as follows:

ps(e) = c8 + () - cs) 1+ e'Dag(e - bg) ]-1 , (3)
Qg(e) "] - PB(O') , ' (4)
and
- ap_(0)
p;(o) . —a . (5)

gg(g) is the characteristic curve for i.em g with its mathematicel

form specified by the teat model; it gives the probability thet an

examinee of ability © ansvers item g correctly. Iu the threé-parameter
logistic model, (Birnbaum, 1968), th2 item characteristic curve takes

the form presented in equation (3). The parameters pg and 58 are
usually referred to, respectively, as the index of difficulty end
discrimination of item g , vhile parameterr gg sy the lover asymptote

of the item characteristic curve, may be thougtt of as the guessing
parameter. The constant D is & scaling factor that fo usually chosen

to be 1.7 to make the logistic distribution function conforn as closely

as possidle to the normal (Lord, 1952) A itvo-parameter logistic model
(Birnbaua, 1957; 1958a; 1958b; 1968) may be obtained from the three-parazeter
model by assuming that the effect of guessing on test scores is negligidble
and eetting [ in cquation (3) to zero. 1If, in addition, it is assumed
that the items in a test have equal discriminating power (i.e., us Y

for all g, g=1, 2, ..., n) the resulting ftem characteristic curve

has but one free parareter per itea (i.e. 28) and specifies a model that

can be shovn to be formslly equivalent to a test model developed by




Rasch (19603 1966).
Birnbaum (1968, y. 45h) demonsira:ed that the maximum value of

I(8, x] , represented us I[6), is given by

n
= ! 2
1(0) gil {}PB (0)]//’?8(6) qs(e{} (6)

In general, I[e, x]) S I{6) . Equality holda when the acoring weights,

v are chosen such that
-8 ]

Vg P;(e) /P, (0) Ql0) ,g=1,2, ciymy (1)
except for a possible scaling factor. Thus to maximize the information
function and consequently minimize the width of the confidence band
abaut an adility estimate under the one-~, tvo~ and three-parazmeter
logistic models, the scoring weights should be chosen to be 1 , 228 ’
and Qgg Y[Das(e - bs) - log csl , €% 2, 2, «vsy 0, respectively.
(In the third veight, ¥ is the logistic distridution function.) Notice
that only in the case of the three-parameter model are the weights
dependent on adility. The scoring system of the three-parazeter model
has the effect Bf reducing the weight assigned to correct ansvers on
items with a siseadle guersing parameter. Moreover, the weight for such
itens is amalleat for low ability examinees vho are most likeiy to have
ansvered by guessing, and bdeccmes increasingly large as the ability of
the exaninee increases.

If scoring veights different from the optimal veights specified
by a test model are used, the information darived by using these
inappropriate veighis to score & test vill be less than what is potentially

available. Birnbaum used the term efficiency to refer to the information



lost due to the use of less than optimal scoring weights. The concept of eff-
iciency may be formally explicated as follows., Assuming a particular test model
_'{2[_8_, _:_:Q] represent the information
functions of any tvo scoring formulas % and %5 respectively., Then, the

io the true model, let I,i8, x,] and

retio I, (¢, x,] / 1,{8, x,] s called the relative efficiency (at 8)

of X, to Xx, . If the scoring weights used in x, are such that

=0

1,(6) = 1,08, x,] , then the ratio of 1.(8, x,] / 1,(8) 1s called
the efficiency (at 9) of %
scoring weights specified by & model, to investigate the relative

Thus, it i8 possible, using the optimal

efficiency of the model at estimating ability when a test is known to

be composed of items that conform to the assuuptions of a more general
model. For exauple, the one-parameter logistic (Rasch) model specifies
unit scoring weights for estimating ability. The efficiency of scores
based on these wveights when the itema in a test conform to the assumptions

of a tvo-parameter logistic model is given by

' : P )T
16, x.) £ P (0
x1 1 8 ) (8)

EfL(8, xll "= [ n )
t P (0)Q(e)l] &t pa P'(e)]
g1 © (3

Jlesr &8
: | (9)
vhere x, = [ u_ , 9
)\ g1 ©
and . .

~Da, (6<d )1
P (o) = [1 +e 8 3] , (10)



The efficiency of scores computed from the weights specified by the
two-parameter logistic model vhen the itemof a teet conform to the

apaumptions of the three~parameter model is given by '

. ) s )
16, ,‘2] LEIDaS?;(e)] Lflnﬁaiﬂlnas(e-bg) - log cg] PS(O)QG(oﬂ‘ (

1(0) Tn ' n 2
[;2 Dzazps(e)Qg(éa[;ElDaSY[Das(B-bs) - log 08] Pé(ei]

Btf [0, X21 L
w] 8

vhere x, = I Da_ ug s (12)

and és(a) is defined as in equation (3).

The queation of efficiency has been considered in at least two
previous studies. Birntaum (1968) investigated the afficiency of unit
scoring weights when the weights specified by the tvo-parameter model
vere appropriate., He did this for abilities in the range =3 £ 6 £ 3
vhile systematically varying the raange of the distridbution of djscrimina-
tion pelmmeters, Birnbaum considered some tests in which the discrimina-
tion parameters of the items vere located half at one end of the range
of the distritution of discrimination parameters, half at the other end.
The items in ﬁlrnbaun‘s tests wvere all of middle difficulty, that is
b8 =0, g=1, 2, ..., n . When there vaz a small difference bdetveen
the two possidle values of the discrimination index (0.bh vs. 0.58),
efficiency vas about 97%. When the values of the discrimination index
vere (.31 or 0.75, efficiency vas reduced, and varied from about 80% to
about 90% depending on the level of adbility. When the two values of the

discrimination paraneter vere made to approximate the maxinum differentce




that is observed in practice (0.20 vs. 0.98), efficiency varied from
about 60% to about 70X, again depending on ability. Birndbaum also
considered the more typical case in which the items of a test have
discrimination paramcters distributed more or less uniformly across
the range 0,20 to 0.98. 1In thic case, efficiency vas about 80%.
Using a scoring system with an efficiency of 80% is equivalent to .
distarding 1/5 of the information available in the test., Clearly, in

such instances it would be inefficient to use unwveighted test scores.

Lord (1968) investigated the efficiency of ability estimates based
on unit scoring weights vhen optimal estimates would be based on the veights
specified by the three-parameter logistic model, He found that the
efficiency of unit-veighi scorcs on the verbal part of the acholastic
aptitude test where it vas sssumed thal the three-parameter model vas thre
true model varied from 55% at the lovest ability level to a maximum of 90%
at a high ability level. Here sgain, the importance vas dexcnstrated of

using scoring veights appropriate to a more general test model.

Purpose

Recently, there has been increased fnterest in logistic test
podels, particularly the one-parameter logistic (Rasch) mcdel. Because
the restrictive assuaptions of *he one-parameter model are often violated
by test data [see Hardleton (1969) for a summary of the evidenze) the
rodel will usually not fit data as well as the more general logistic
models., Hence, using the one-paraxcter model to estimate ability when
& Rore general podel would provide a more appropriate estimate will

result in a 1oss of information in the sense defined earlier,



The questions asked in this atudy were a; follows: How much
information is obtained about an examinee's ability using the scoring
systems of the one-, two- and three-parameter loglistic test models
;s the range of the distribution of item discerimivation parameters and
the mean level of guessing on the items are varied systematically in
similated tests? Under these circumstances, what is the effiniency of
the” scoring systems of the less appropriate one- and twvo-paramete.
models when the comparative standard is the amount ¢f information provided
by the more appropriate two- and three-parameter modelst? Since inforxma-
tion curves and efficiency are both a functior of evility, answers to

the tvo questions were obtained for different values of 6 ,

Methodology

Ceneration of Item Parameters

To begin with, it was assumed that only a single latent ability
was being measured. This is an assumpiion typically made in latent treait
theory (McDonald, 1967). The situation which was envisioned as deing
in some sense typical of nature vas one in vhich scores on this single
lateat adbility are normally distriduted in the populsticr. A suitadle
souling of the ability continuum would estadblish a mean of the abilitly
distridution of tero and & standard deviation of one. Under thas.
eonditions, over 99% of the pugalation would have adility scores on the
interval (-3, 3). These linits for the range of adbility were chosen for
the atudy.

Tests vere simulated so that the items ranged in difficulty
wvithin reasonable limits for the group bdeing tested. 1In effect, it wvas

assured the test would contain no item 80 easy that more than 958 of a

- - e m .- ——— e v e e s o T, _— e e = e mn s i s = e e e e e b b St Al



population approximately normally distributed on the interval (-3, 3)
would get it correct; also, no item would bve 30 difficult that less
than 5% of the population would get it correct. Difficulty parameters
p; » 8=1,2, ..., n , wvere randomly assigned to each of the items
in a simulated tost subject to the restriction they were drawn from &
Population dist;ibution of difficulty parameters that was rectangular
on the interval [-2, 2} with a mean of zero. Lord's (1968) wurk
reveals this choice of assumed distribution and range of item difficulty
perameters to be realistic, at least for the kind of test he studied.

The item discrimination parameters, gg sy B85 1,2, eyt
were assumed to be dravn from a uniform population distribution with a
mean of 0.59 and a range which was systematically varied across simula-
tions between zero and 0,80, inclusive. The results obtained by Lord
(1968) and Ross {1966) support the choice of this form of distribution
for the discrimination parameters,

The magnitude of the item guessing parsmeters, gg y 851,24 «v.y 0,
Tor each set of test data was controlled by the value of § » where _-c_'
wvas the mean of the guessing paraneters of the items in & simulated test.
Assuming five-option multiple-choice tests and a heterogeneous atility
group, it seemed reasonable also to assume that individual values of
gg and ¢ would be bounded on the interval [.00, .20]. Give a specified
value of E y the gs'a were generated subject to two constraints:

n
(1) ©=» I cs_/n
g=l °~

(2) Z' min {-20 -E, _E} '<" cg S-C-'l'min{.zo -E.. -E} » g- 1, 2. R XY 0.




Procedure

Four ranges of the distribution of discrimination parameters
were considered: 0.00, 0.20, 0.40 and 0.80. Three mean levels of
- the guessing pareameter were considered: 0.00, 0.10 and 0.20. (In the
case of ¢ = 0,00 or ¢ = 0.20 » 811 the values of 28 were zero or
0.20, respectively.) Under tze conditions specified above, item
parameters were geperated at random by computer for eleven of the twelve
poesible combinations of the range of distribution of discrimination
parameters and mean level of guessing. (Excluded was the case where
the range and E: would be zero.) Each simulated test was assumed to
have 15 itema.

Taking the three-parameter logistic model to be the true model
(excepi vhen ¢ =0 » in which case the two-parameter logistic model
was taken to be the true modei), the information provided by scores
based on the weights of the one-, two- and three-parameter logistic
models was computed for each of seven values of 6 , 6 = -3 + k ,
k=0,1, ..., 6 . The efficiency of the scoring systems specified by
the less general test wmodels was then determined for each level of ability;

All the computations were dune using & program developed by Hambleton (1970).

Results and Discussion

n n R
The notation, %y = Lu , X, = L Dau  and x, = I Da¥(Da
’ 1 8:1 4 2 g-l g8 3 8-1, g g

(6 - bg) - log cg] was used for thé scoring foriulas specified by the one-,
two- and three-parameter logistic models respectively. The quantities

I8, x), Il3, x2), 1l8,x3), Eff(6, x;] = I[6, x;] / I[6, x4] ,

Eff(o, x2] = i[0, x2] / 1(8, x3] and Eff[e, X1 x2] « I[06, xll /

I[e, le for 6 = -3+ %k, k=0,1, ..., 6, are veported in Table 1 for
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eleven sets of data. When ¢ =0, X, ® Xg hence I[8, xsl, Eff(se, x2]

and Efr[o, x are not reported. When the range of the discrimina-

l, xa]

tion parameters is zero, x; = x, , and so I[8 Eff[9, x,], and

,l‘_e)’

Ffrle, are not reported.

%) %)
The information values di‘.played in Table 1 reveal an approximately

bell-gshaped relationship between information and ability. Information

is .greatest near the middle of the ability distritution and much less at

the extremea. When guessing occurs (E'> 0), less information is provided

by all three scoring systems, but the decrease is particularly noticeatle

at low ability levels for scoring formulas X and X5 The relationships

émong the information functions of the scoring systems, under thé assumption

that the three-parameter model is the appropriate one, may be roughly

summarized by the inequalities.
> >
I(e, x3] ~ Ife, xz] - Ife, x1] *

This relationship appears to hold except for the situations involving very
low levels of ebility and ¢ > O when, I[8, x,] 2 [8, x,].
It appears that when guessing is a component in test performance,unit
scoring weights are better than the weights specified by the two-parameter
model at estimating the ability of low ability examinees,

On_additional comment should be made about information functions.
It is possible to obtain any shape for the information.function that is
desired by judicious choice of test items (Birnbaum, 1968). The informa-
tion functions described here may be considered relevant for at least
sonme testing situations because the distributions of item parameters chosen

to guide the simulation of test data were similar to what has been observed
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TABLE 1

Information Curves and Efficiency

Set 1
Discrimination Parameters: @ = ,59 , Range = ,20: ,49 to .69 .
Guessing Parameters i1 ¢©= .00, Range = ,00..
fﬁf;is?‘ I[e,xl] I[B.le I[e,x3] Eff[e,xll Eff[e,le Eff[B,xl,xz}
-370 .99 .99 - .99 _— —
-2-0 1-85 1-86 o~ .99 L] -
-1|° 2!63 2.66 - .99 - -
0'0 2.82 2.84 - 099 - -
1-0 2043 2-45 bt .99 . b Lokt
2-0 1074 1075 - .99 - -
3.0 .99 1.00 - .99 - -

Set 2

Discrimination Parameters:

= ,59 , Range = ,40; .39 to .79 .
Guessing Parameters : a

a
€= ,00, Range = .00 ,

Ability I[B,xll 1[e,x2] I{e,x3] Eff[B,xll Eff[e,x2] Eff[e.xl,le

"3-0 -94 ¢97 Lalad 097 - b
~2,0 1.80 1.85 - .97 - -
-1.0 2.65 2.74 - .97 - -
000 2080 2-91 bndad -96 - -
1.0 2.32 2.39 - .97 - -
2-0 1-6" 1.69 indad |97 hada hathad
300 095 '97 - 098 - -
Set 3
Discrimination Parameters: a = ,59 , Range = ,80; .19 to .99 .
Guessing Parameters i c= .00, Range = .00 ,

Ability I[e,xll I[e,x2] 1(8.x3] Eff[e,xll Eff(6,x3) Effle.xl,le

-3.0 .75 87 - .86 - | -

2.0 1.55 1.79 - .87 - -

-100 2-59 2-98 indad 087 - -
0.0 2n73 3:13 il -87 bkt hadadit
1.0 2.01 2,29 adad .87 -~ -
200 1034 1-52 hakd t88 hathed hakad
3.0 77 +87 - .87 - -
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TABLE 1 (Cont'd)

Set 4

Discrimination Parameters:

_ - .59 , Range = ,20; .49 to .69 .
Guessing Parameters :

a
t= .10, Range = ,20; .00 to .20 ,

-3.0 .40 .39 .54 » 74 .73 1.01
-2,.0 1.06 1,07 1,22 .87 .87 .99
-1.-0 1-84 -l1-86 1195 .94 095 099
0.0 2,19 2.23 2,25 .97 99 .99
1.0 2.03 ‘2.05 2,05 .99 1.00 .99
2.0 1,53 1.54 1,53 .99 1.00 .99
3.0 .89 .90 .90 .99 . 1.00 .99
Set 5

Discrimination Parameters: @ = .59 , Range = ,40; .39 to .79 .
Guessing Parameters : Tw .10 , Range = .20; .00 to ,20 .

Ability 1I{e6,x,) I[e.le I(8,x9) Eff[0,xq] Eff{e,x,] Eff[&.xl.le

"3-0 139 037 -53 .73 0-70 ]—;04
~-2,0 1.04 1.05 1,21 .86 .87 .99
-1.0 1.86 1.92 2,02 .92 «95 .97
0.0 2,18 2.27 2.30 .95 .99 96
1.0 1.93 2.00 2,01 .96 1.00 «96
2.0 1.44 1.48 1,48 .97 1.00 .97
3.0 .85 .87 .87 .98 1.00 .98
Set 6
Discrimination Parameters: a = ,59 , Reange = ,80; .19 to .99 .,
Guessing Parameters ¢t T= .10, Range = ,20; .00 to .20 .,

Abilicy I[e.xll I[B.le I[B.x3] Eff{0,x;] Eff[o,x;) Eff[e.xl,le

-3-0 034 029 048 ‘70 .60 1116
-2,0 .92 <94 1.14 .80 .82 97
-1.0 1.83 2.06 2.17 .84 «95 .89
0.0 2,12 2.45 2,48 .85 .99 .86
1,0 1.67 1.92 1.93 .86 I.00 87
2.0 1.18 1.34 1.34 .88 1.00 .88
3.0 .69 .79 .79 .87 I.00 8T
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TABLE 1 (Cont'd)

Set 7

Discrimination Parameters: @ = .59 , Range = .20; .49 to .69 .

Guessing Parameters : ¢©= .20, "Range = ,00 .

Ability_ I[e,x1] I[e,le I[G,x3] ﬁff[e,xll Eff[e,le Eff[e,xl,xzj
'.'300 022 .22 .32 068 o68 1-01 !
"'200 l69 069 -87 079 -80 099
-1.0 1.33 1.35 1.53 .87 .89 .98

0.0 1,70 1.72 1.82 .93 +95 .98
1,0 1.64 1.66 1.69 .97 .98 .99
2.0 1,28 1.29 1.29 .99 - 1.00 .99
3.0 .76 W77 77 .99 1.00 .99
Set 8
Discrimination Parameters; & » ,59 , Range = .40; .39 ta .79 .
Guessing Parameters : T= ,20, Range = ,00 .

Ability I{6,x31 I[8,x,] 1I(8,x,] Eff[8,x;} Eff(8,x,] E££{0,x),x,]

"'300 .22 .21 132 068 165 . 1.05
-2.0 .67 .67 .85 .79 .79 1.00
-1.0 1.35 1.40 1,58 »85 .89 .96
0.0 1.69 1,78 1.88 .90 .95 «95
1.0 = 1,56 1.62 1.65 .95 .98 96
2,0 1,20 1.23 1.24 .97 1.00 .97
3.0 .73 74 74 .98 1.00 .98
Set 9
Discrimination Parametere: a = ,59 , Range = .80; .19 to .99 .,
Guessing Paramecters : ¢ = 20, Range = ,00 .

Abtlity I(8,x)1 I[6,x,] I(0,x3) Efflo,x;] Effle,xp] E££(6,xy,x,]

-3.0 .19 .16 .29 .66 . 13 1.23
"'2-0 059 -59 -78 076 D76 I.OO
"'1-0 1033 1.51 1-69 .79 o89 088
0.0 1.65 1.94 2.06 .80 .95 85
1.0 1,34 1,56 1.59 -85 »98 .86
2.0 97 1.11 1.11 .87 1.00 .88
3.0 «58 67 .67 .87 1.00 .87
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TABLE 1 (Cont'd)

Set 10
Disciimination Parameters: a = .59 , Range = .00 .
Guessing Parameters : ©= ,10 , Range = ,20; .00 to .20 ,

Ability 1[6,x;] 1I[6,xp]} TI[6,xq] Eff(8,x;) Eff(6,x,] Eff[e,xl,le

-

«3.0 40 - .55 ™ - -
"200 1.06 - 1.21 587 - —
~1.0 1.80 -- 1,90 .95 - -
0;9 2019 bk 2.22 098 —— batad
1'0 2009 - 2-10 1.00 bt hadad
2.0 1,58 - 1.58 1.00 -— -
3.0 091 - 091 1.00 inand haand
Set 11
Discrimination Parameters: a = .59 , Range = .00 .
Guessing Parameters t ¢= .20, Range = ,00 .

- Ability I[B.xll 116,x,) I[G,x3] Eff[ﬁ,xll Eff[e,le Eff[B,xl,xZ]

-3.0 22 ~ .33 .68 - -
"2.0 .68 - .87 .79 - hnaas
-1.0 1.30 - 1.48 .88 - =
0)0 1069 —— 1079 .95 — haded
1.0 1.69 ~- 1.72 .98 — -
2.0 1.33 - 1-33 1.00 husad o
3-0 078 - .78 1000 — ingiad
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in some testing applications.

The results for efficiency may be summarized as follows: When
there is no guessing (i.e. c = 0), the efficleuncy of a scoring system
using unit weights remains high {over 95%) until the range of the distri-
bution of discrimination paremeters becomes large (0.80 in this study).
Moreover, efficiency is relatively constant across different levels
of ‘ability. When guessing is introduced, this picture changes drama-
tically. Then, at low ability levels the efficiency of scoring systems

X, or x is markedly reduced, independently of the magnitude of ihe

%
range of the distritution of discrimination parameters. Of course,

as this range increasss, the -efficiency of X and ;2' decreases,
again most noticeably at the low ability levels. Indeed, even with a
maximum range of the distribution of discriminstion parameters (0.80),
X, 8till provides very efficient estimates of ability for examinees

with high ability. Under the same circumstances, X, has considerably
reduced efficiehcy.

On the basis of these results, 1t appears that when a test is
being used to estimate ability across a broad range of ability levels and
when guessing is a factor in test performence, the scering system of the
three~paramet :r model is to be preferred. On the other hand, if only high
&bility =xaminees are of interest, then even in the presence of guessing,
the scoring system of the two-parameter model providea acceptable ability
estimates no matter how wide the range of the distribution parameters
becomes within the limits studied here. Unit scoring weights, that is the
scering system of the one-parameter (Rasch) model appears to provide

efficient estimates of ability when there is little or no guessing and when

the range of the distridution of discrimination parameters is fairly small.,
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